The paper presents a theoretical study of magnetocaloric properties of polyoxovanadate molecular magnet V6 containing 6 vanadium ions carrying quantum spins S = 1/2. The characteristic property of such structure is the presence of two weakly interacting spin triangles with all-antiferromagnetic couplings. The properties of the system are described using the exact numerical diagonalization approach applied to the quantum Heisenberg model and utilizing a field ensemble formalism. The dependence of the magnetic entropy and magnetic specific heat on the temperature and external magnetic field is calculated and extensively discussed. The magnetocaloric properties are quantified by isothermal entropy change and entropy derivative over the magnetic field. An interesting behaviour of isothermal entropy change is found, with high degree of tunability of the magnetocaloric effect with the initial and final magnetic field values.
Introduction
Low-dimensional magnetic systems attract considerable attention due to their unique properties. One of their experimental realizations is based on a wide class of molecular magnets [1] [2] [3] , within which single molecule magnets constitute fascinating examples of zero-dimensional magnetic clusters [4, 5] . Among the huge variety of molecular magnetic materials, systems containing a triangle as a fundamental unit constitute a highly interesting category [6, 7] . This is, mainly, due to the fact that antiferromagnetically coupled triangle is an archetypical example of magnetically frustrated system [8] . The mentioned class of molecular magnets includes those based on Mn ions [9] or Cu ions [6, [10] [11] [12] [13] . A distinct group within this class consists of various polyoxovanadates containing S = 1/2 spins originating from vanadium ions gathering such examples as V3 [14] [15] [16] [17] [18] , V6 [19] [20] [21] [22] [23] , V12 [24] and particularly frequently investigated V15 [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] clusters.
Magnetocaloric effect, consisting in dependence of entropy on the applied magnetic field, bears high potential for modern applications and attracts rising attention within the community of condensed matter physicists [43, 44] . Therefore, one of the highly interesting aspects of physics of single molecule magnets is their magnetocaloric properties and constant search for optimization of the magnetocaloric performance [45] [46] [47] [48] [49] [50] [51] [52] [53] . Experimental studies focused on such qualities have been reported for some class of systems, to mention Fe-based systems [54, 55] or Mn-based ones [55] [56] [57] as well as molecules incorporating Gd [58] . The experimental results are supplemented with some theoretical insights involving calculations on the grounds of density functional theory present in the recent literature, in particular for V15 [59] [60] [61] . Moreover, sample magnetic nanoclusters of various geometries and shapes were studied rigorously [62] [63] [64] [65] [66] [67] [68] and particular molecular cluster systems were investigated with close to exact methods [69] [70] [71] .
Among the mentioned vanadium-based molecular magnets, V15 attracted some attention from the magnetocaloric point of view [25] . However, analogous properties of the smaller molecule, V6, have not been characterized so far. Motivated by this fact, we undertake calculations aimed at prediction of the magnetocaloric effect in V6 single molecule magnet. The foundation of our calculations is the exact diagonalization of a model spin Hamiltonian followed by application of the canonical ensemble formalism. The next sections of the paper present the theoretical model, the discussion of obtained numerical results and some final remarks.
Theoretical model
Our system of interest is a single-molecule magnet denoted usually by V6.
In principle this refers to two polyoxovanadates: Na 6 [14, 19, 20, 23] . However, each of the two mentioned substances share the same substructure describing the location and interactions of spins. Namely, V6 contains 6 vanadium ions V 4+ , each of them carrying a quantum spin S = 1/2. They are arranged into two triangles, one situated above the other (for schematic view of the magnetic ions arrangement see Fig. 1 ). The magnetic interactions of primary importance couple the spins within each triangle (as denoted with black lines in Fig. 1 ). In addition, a weak intertriangle coupling is also present in the system (marked with gray lines in Fig. 1 ). 
where the operator
iL is the operator of spin S = 1/2 localized in the triangle L = A or B at i-th site (i = 1, 2, 3) see Fig. 1 for explanation. The antiferromagnetic exchange integrals
taken from the experimental work Ref. [21] (please note that both chemical variants of V6 actually differ a little in the values of exchange integrals for details see Ref. [23] ). The fact that one of the antiferromagnetic couplings in the triangle is much weaker than the other two, |J 2 | |J 1 |, is because only two out of three vanadium ions within each triangle are connected with a strong V-O-P-O-V exchange path -for details see Fig. 1 and Appendix in Ref. [20] . Note that the distances between the V ions in the triangle are nearly equal [20] . The even weaker interaction J 3 emerges because the triangles are interlinked with four phosphate ligands -see Ref. [20] for details. The external magnetic field oriented along z direction is denoted with B, whereas µ B is Bohr magneton and g = 2 is the gyromagnetic factor. The system Hamiltonian is represented as a matrix of the size 64×64.
The thermodynamics of the system is described within the field ensemble approach (for an extensive discussion of the relations between the field ensemble and canonical ensemble for magnetic systems see Ref. [72] ). Please note that the term introducing the external magnetic field is contained in the Hamiltonian itself. The statistical sum equals Z = k e −E k /(k B T ) , with k B being Boltzmann constant and T denoting the temperature. Its calculation is enabled by the knowledge of the complete set of eigenvalues of the system Hamiltonian E k . The eigenvalues are calculated by means of exact numerical diagonalization of the Hamiltonian using Wolfram Mathematica software [73] , which is used also for all the further calculations. The thermal average value of Hamiltonian H is equal to the magnetic free enthalpy of the system (as the external magnetic field is contained in the Hamiltonian) and is expressed by
On the other hand, the magnetic Gibbs free energy is calculated directly from the statistical sum by G = −k B T ln Z. The quantity of fundamental interest in our study is the magnetic entropy of the system S and its dependence on the temperature and external magnetic field. The entropy can be calculated from the relation S (T, B) = ( H − G) /T . Another quantity which we discuss further is the magnetic specific heat, which can be conveniently calculated with the help of the fluctuation-dissipation theorem
In the paper our interest is focused on the magnetocaloric effect. One of its most crucial quantitative measures is isothermal entropy change. If the field is varied at constant temperature between the initial and final value, B i and B f , the change is defined as ∆S T = S (T, B i ) − S (T, B f ). Usually either B i or B f is taken as zero. The magnetocaloric effect is direct if ∆S T > 0. Apart from the isothermal entropy change for finite field variation, a differential measure − (∂S /∂B) T is used to characterize the effect locally (the sign is added to obtain positive quantity for direct magnetocaloric effect, when the entropy decreases with an increase in magnetic field).
In the following part of the paper the numerical results will be presented and discussed. They include all the above mentioned quantities for V6. The thermodynamic quantities are expressed per mole for convenience.
Numerical results
In this section, the numerical results concerning the thermodynamic quantities of interest will be presented and discussed. All the calculations were performed using the Mathematica software [73] ).
Energy levels
Let us commence the discussion of the properties of V6 from the analysis of the behaviour of the Hamiltonian eigenstates as a function of the magnetic field applied to the system. The magnetic field dependence of the individual eigenenergies is presented in Fig. 2(a) . For convenience, the energy values ore divided by k B and expressed in temperature units K. In particular, we will focus the further attention on the ground state. The analytic expressions for the eigenenergies of interest can be found in the Appendix A. The most useful characterization of the quantum state of V6 cluster involves the total spin quantum number as well as the quantum number of spin projection. In addition, the analogous quantities for the both individual spin triangles can be mentioned (provided that the given state is an eigenstate of total spin and spin projection for the triangles). After exact numerical diagonalization of the Hamiltonian (Eq. 1) we found that for B = 0 the ground state is threefold degenerate and corresponds to the state with the total spin S = 1 (with projections 0, ±1). It should be mentioned that another state, with S = 0 and S z = 0 is present just above the previous state (their energy difference divided by Boltzmann constant is equal to just 0.136 mK). For finite magnetic fields below the critical field of 72.58 T, the total spin quantum number for the whole V6 cluster is S = 1 and the spin projection quantum number amounts to S z = 1 for the ground state. More-over, each individual spin triangle unit, A and B, is in the state with the total spin S = 1/2 and the spin projection S z = 1/2. On the other side, for fields exceeding the critical field of 72.91 T, the quantum state of the whole cluster is characterized with S = 3 and S z = 3. Under such conditions the triangles take the states with S = 3/2 and S z = 3/2. An interesting situation emerges in a narrow range of fields, between 72.58 T and 72.91 T. Namely, the V6 cluster is in the state with S = 2 and S z = 2. However, both triangles are not in the eigenstates of the squared total spin operator, whereas the spin projection quantum number is S(where the three subsequent numbers give the projections of the z components of spins located at sites 1,2 and 3 in the triangle). Let us mention here the case of non-interacting triangles in V6 has been discussed in Ref. [20] , where the critical field of 74 T was found to separate the states with spin 1/2 and 3/2 of each individual spin triangle (however, without the intermediate range discussed above by us). The expressions for the critical magnetic fields mentioned above are given in the Appendix A. In Fig. 2 (b) the dependence of the energies of four states lowest in energy on the magnetic field can be followed in the vicinity of the critical fields mentioned in the above discussion (the expressions for the eigenenergies and for the critical fields are provided in Appendix A). The labels give information about the total spin quantum numbers for individual states plotted in Fig. 2(b) . The inset presents the results of analogous calculations performed for J 3 = 0 (which reproduces the situation discussed in Ref. [20] , with a slight difference in the value of the critical field due to difference in exchange integrals accepted). Let us mention that one of the states plotted in the inset in Fig. 2(b) is two-fold degenerate and the degeneracy is lifted by J 3 0 (as seen in the main panel of the figure and discussed in the Appendix A). Both states mentioned correspond to S = 2 and S z = 2 and individual triangles A and B share the same quantum state in both situations. However, both states |2, 2 1,2 differ in such a way that the states of spin pairs taken from different triangles are different. It can be verified that correlations between the x components or between the y components of the spins originating from different triangles are opposite in sign, whereas the correlations between z components of spins are identical.
To supplement the discussion of the ground state and its dependence on the magnetic field, we present Fig. 3 which shows the analogous dependence of the few energy gaps ∆ i (where ∆ i is the energy difference between the i-th excited state and the ground state). First, is can be noticed that the gaps ∆ 1 and ∆ 2 are almost identical, so the corresponding lines overlap in the scale of the plot. The gap ∆ 3 is usually significantly larger. Therefore, in wide ranges of the field an approximate two-state description of the system might be useful, as discussed in the Appendix B. It is also visible that the gap is a piecewise linear function of B, taking one maximum at 36.29 T, and then tending to close above 70 T (exactly at the critical fields of 72.58 T and 72.91 T mentioned above). The details of the behaviour of the gap close to the critical fields are shown in Fig. 3(b) , together with the data obtained for J 3 = 0 for reference. In this scale the difference between ∆ 1 and ∆ 2 for J 3 < 0 is noticeable. It is evident that the gap ∆ 1 closes at the critical fields. The dependence of the energy gap on the magnetic field will have consequences for the behaviour of the specific heat of the system in question.
Entropy
The external magnetic field has the principal importance for the magnitude of the magnetocaloric effect, which consists in the dependence of system entropy on the field. Therefore, it is justified to focus firstly on the entropy itself and analyse its variations as a function of the temperature and external magnetic field. The relevant results are collected in two panels on Fig. 4 . First of them presents the entropy variability for a wide range of temperatures (in logarithmic scale) and of magnetic field (linear scale). Significant ranges with rather weak temperature and field dependence of entropy can be noticed. In general, the entropy rises slower with the temperature for higher fields. An interesting behaviour of the entropy can be seen in the vicinity of the field of 70 T, looking like a single pronounced maximum, which is more precisely analysed in the next panel of For the temperatures of the order of 1 K we observe a sort of a broad maximum and when the temperature is lowered, a sort of ramification occurs, giving rise to somehow finer structure. Therefore, a double peak structure symmetric with respect to some magnetic field builds up; both peaks share the same values of entropy. This behaviour can be traced back to the ground-state behaviour shown in Fig. 2 . Close to 72.6 T and 72.9 T an energy gap closes and, as a result, the entropy exhibits peaks. The symmetry comes from the symmetric behaviour of the energy gap (because the ground-state energy is a piecewise linear function of the field).
The next graph (Fig. 5) presents the entropy as a function of the temperature; it is different than the previous graphs because we focus on the entropy be- haviour for particular values of magnetic fields. In particular, at field B = 0, the low-temperature residual entropy is seen (equal to R ln 3, as the ground state is three-fold degenerate under these conditions it is the state with total spin S = 1 and the degeneracy is lifted by B > 0). After initial, rather rapid increase at low temperature, the entropy presents a plateau at R ln 4. This is due to the fact that for B = 0 the state with S = 0 lies considerably close to the threefold degenerate state with S = 1. The temperature at which the increase takes place shifts to higher values if the magnetic field increases. As mentioned in the discussion of the energy levels, the two-state description of the thermodynamics is approximately valid for the fields below 36.3 T -see Appendix B.
On the basis of this model, the entropy can be calculated and the characteristic temperature T * * at which the entropy slope (∂S /∂T ) B is maximized can be determined. It follows that T * * = 0.29 (gµ B /k B ) B, giving a slope of 0.39 K/T . After the plateau a second increase of entropy to saturation value of R ln 64 is visible. It shifts to higher temperatures under the influence of the magnetic field much weaker that the initial increase so that the intermediate plateau at R ln 4 becomes narrower for higher fields and eventually vanishes completely. The intermediate plateau is an interesting behaviour of high importance for the description of the magnetocaloric effect in the studied system. In our calculations we also focused the attention on the specific heat, because it is likewise important aspect for magnetocaloric properties as the entropy. In the same way as previously, we collated together two graphs (Fig. 6 ). Fig. 6(a) shows the specific heat as a function of the temperature and the magnetic field in a wide range of both control parameters. A maximum at intermediate temperatures, the position of which depends on the applied magnetic field, is noticeable. In general, the field shifts the maximum towards higher temperatures, which corresponds to the shift of range in which entropy slope is large (between the intermediate plateau and the saturation value). This maximum is of Schottky origin and, for low enough fields, appears at the temperature T * = 0.38 (gµ B /k B ) B -for details see Appendix B. A separate weak maximum at low fields at low temperatures is attributed to the entropy jump between R ln 3 and R ln 4. Like in the case of the entropy, an interesting behaviour is expected close to the critical magnetic fields where the ground state of the system changes. In the panel Fig. 6(b) a closeup of this range is shown. Close to both critical magnetic fields a double-peaked structure of specific heat is seen at low temperatures. Then a single peak builds up in between, for intermediate temperatures.
Specific heat
However, in general, we observe the largest magnitudes of the specific heat for temperatures between 10 and 100 K.
Isothermal entropy change
The crucial quantity characterizing the magnetocaloric effect is the isothermal entropy change, so it deserves primary attention. This quantity is defined as the difference of entropies at two values of magnetic field at constant temperature. Because at B = 0 our system indicates nonzero residual entropy of R ln 3, it is reasonable to study the isothermal entropy changes by taking various initial values B i of the magnetic field, not necessarily zero field. In Fig. 7 the isothermal entropy change is plotted as a function of the temperature for a selection of final values of the magnetic field, up to 200 T. In each of panels (a)-(d) a different initial value of the magnetic field is accepted.
If the initial field is 0 - Fig. 7 (a) -the entropy change is nonzero even at the lowest field (as B > 0 lifts the degeneracy of the ground state). For the low final field the entropy change rather quickly tends to zero. When the final field magnitude increases, the dependence of entropy change on the temperature takes a step-like shape. The characteristic temperature at which the entropy change drops back to zero rises with an increasing final field (and corresponds to the characteristic temperature T * * discussed above). At high final fields, exceeding 10 T, a high-temperature maximum emerges.
In Fig. 7(b) , where the low initial field of 10 −4 T is accepted, the entropy change tends to zero when T → 0. For low final fields, a low-temperature peak gradually builds up. What is crucial, the peak be- comes wider as the final field magnitude increases (as the characteristic temperature T * * is proportional to the field B) and its low-temperature part when the entropy change rises is completely insensitive to the final field, thus the whole curve becomes step-like in shape. If the final field exceeds 10 T, an additional maximum builds up at high temperatures and at highest considered final field of 200 T this maximum strongly dominates. It can be summarized that the influence of the increasing final field consists in increasing the width of the quasi-rectangular curve proportionally to the final field B f . If the higher values of initial field are selected, like 0.1 T in Fig. 7 (c) and 1 T in Fig. 7(d) , the tendency described above is conserved. The only effect is that the initial rise in entropy change is shifted to higher temperatures and the whole plateau of ∆S T is narrower.
Due to the highly interesting behaviour of the isothermal entropy change presented in Fig. 7 , we prepared additional Fig. 8 , where analogous quantity is shown but this time the final field magnitude B f is fixed and the curves are plotted for various values of the initial magnetic field. In Fig. 8(a) the final field was set to 0.1 T. If the initial field is only slightly less, a maximum builds up between 0.1 K and 1 K, and when the initial field is gradually lowered, the peak height increases. Further reduction of the initial magnetic field results in increase in the maximum width, as its left side is shifted towards low temperatures (following the changes of T * * as a function of B i ) and the whole dependence becomes step-like in shape. If the final field is set to 200 T, as shown in Fig. 8(b) , the general behaviour of the isothermal entropy change is analogous. However, this time the maximum emerges initially between 10 K and 100 K; moreover, when the initial field is lowered, the shape of the dependence indicates some dip at about 20 K (while the remaining part of the dependence is step-like in shape and the initial rise of entropy change takes place at lower temperature if the initial field decreases).
In all the cases discussed for Fig. 7 and Fig. 8 , the entropy change value at the plateau of the dependence (so the height of the step) is equal to R ln 4. To supplement the results concerning the isothermal entropy changes for finite difference in mag-netic fields, also the derivative of the entropy with respect to the magnetic field at fixed temperature, − (∂S /∂B) T , can be studied (the sign has been selected to assure positive values for direct magnetocaloric effect). Such quantity has been plotted in Fig. 9(a) for the full range of parameters. It is visible that the differential isothermal entropy change tends to the significant values (positive or negative) in two ranges. The first range of significant magnitudes of − (∂S /∂B) T is close to 73 T (so in the vicinity of the critical magnetic fields discussed previously) for temperatures lower than 10 K. The finer structure of the temperature and field dependence of differential entropy change in the vicinity of the critical fields is shown in Fig. 9(b) . There the presence of a doubled structure can be proved. Below each critical field the quantity − (∂S /∂B) T takes pronounced positive values, then it passes zero and just above the critical field the negative values are taken. Therefore, if the field is varied at constant temperature, then a maximum at positive values, the zero value and a minimum at negative values are passed subsequently (in the subkelvin range of temperatures). As a consequence, it is demonstrated that the most pronounced differential changes of entropy occur in the vicinity of the field-induced transitions. Another range of significant magnitudes of − (∂S /∂B) T corresponds to low magnetic fields and the quantity is maximized at the temperatures of a few K (this is related to rather sharp entropy jump between the values of R ln 4 and 0 in the field), as illustrated in details in Fig. 9(c) .
Final remarks
In the paper we have studied theoretically the magnetocaloric effect in V6 molecular magnet using an exact approach based on the Heisenberg Hamiltonian and canonical ensemble. Our interest was focused on the isothermal entropy change as a quantitative measure of the magnetocaloric effect. The entropy change was studied both for finite changes of magnetic field and as differential quantity − (∂S /∂B) T . Also, the entropy itself and magnetic component of the specific heat were discussed. The wide range of temperature and magnetic field was taken into account.
The discussion of the magnetocaloric properties was started form the analysis of the ground state of the system in question. At low magnetic fields the ground state corresponds to total spin of 1, and in the vicinity of 73 T two subsequent transitions take place, to states with total spin of 2 and 3, accordingly.
In the absence of the field the ground state is threefold degenerate, however, the non-degenerate state next in energy lies very close to the ground state. As a consequence, the ground state entropy is R ln 3 but it quickly jumps to R ln 4 when the temperature increases and then, after a plateau, reaches the saturation value of R ln 64. The mentioned type of entropy dependence on the temperature gives rise to interesting magnetocaloric behaviour with elongated plateaus of positive magnetocaloric effect, possessing step-like shape. The temperature values at which the entropy change rises or falls down rapidly can be tuned with the initial and final value of the magnetic field as the relevant characteristic temperatures are proportional to the field -see Appendix B. This sort of behaviour can be of practical importance and might possess some potential for applications. It should be emphasized that increase in either initial of final magnetic field over a wide range of values leads to increase of width of the dependence of isothermal entropy change on the temperature, while the height of the dependence is unchanged. This contrasts with an usual behaviour when rather the maximal magnitude of entropy change rises with the increase in field amplitude.
Close to the critical magnetic fields interesting details in behaviour of the magnetic specific heat and the differential entropy change can be detected.
The presented computational study might stimulate experimental characterization of the magnetocaloric properties of V6 polyoxovanadate single molecule magnets (as it was characterized in the case of V15 [25] ). In addition, the study could be extended to involve other than magnetic degrees of freedom.
It might be mentioned finally that a geometry of two weakly coupled triangles bears some resemblance to quasi one-dimensional structures in which spin triangles are stacked (forming a three-leg ladder or triangular tube) [74] [75] [76] . Due to weak intertriangle coupling in V6, the physics is dominated by the behaviour intrinsic to the spin triangles themselves. The structure is unfrustrated due to the huge difference in intratriangle couplings. The case of uncoupled triangles would lead to just a single plateau at 1/3 of the saturation magnetization [74] , whereas the comparable inter-and intratriangle couplings cause the magnetization curve to flatten for infinite system [74] . For our finite system the situation is somehow different, as we deal with weakly coupled triangles (and cluster system), so that both a long magnetization plateau at 1/3 and a narrow plateau at 2/3 is predicted. Note that a discussion of the influence of intramolecular couplings on the magnetic behaviour of molecular systems has been presented in Ref. [77] .
Also the structure of V6 can be regarded as an example of spin octahedron (see for example Fig. 1 in Ref. [66] ). However, the considered structures involved identical interactions between the spins, whereas in V6 there are three values of couplings, differing by an order of magnitude. In the symmetric octahedron studied theoretically in Ref. [66] the magnetization plateaus were predicted between the 0 value and the saturation value for magnetization. What is interesting, the plateau at 2/3 was induced only by the interaction anisotropy in spin space, but was absent in the case of isotropic Heisenberg interaction. In our case, the ground state with S = 2 is absent if the triangles are uncoupled, but it emerges in a narrow range of magnetic fields if J 3 is taken into account (but the interactions remain isotropic in spin space). This behaviours resemble each other to some extent. Also in Fig. 8 of Ref. [66] the density plot of entropy as a function of the temperature and field is shown and rapid variability of entropy in the vicinity of two critical magnetic fields is predicted, what bears some analogy to our Fig. 4 .
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Appendix A. The ground states and critical magnetic fields
For the case of V6 molecular magnet, the three states with various total spin S and total spin projection S z can constitute ground states in various ranges of the external magnetic field (for the values of exchange integrals given in the section 2). The energies of these states as well as the critical fields corresponding to cross-overs between them are discussed below.
The energy of the state with S = 1 and S z = 1 for J 3 = 0 (i.e. in the absence of the intertriangle interactions) equals
In the case of J 3 0 (in the presence of the intertriangle interactions) it is given by the root of the 4th order equation, which we will not present due to its length. However, since J 3 /J 1 1, an excellent approximation is provided by a series expansion in the following form:
For J 3 = 0 the state with S = 2 and S z = 2 is twofold degenerate and its energy equals to:
In the presence of J 3 0 the degeneracy is lifted and the energies of both states equal
and
(where the latter state is never a ground state). For J 3 = 0 the state with S = 3 and S z = 3 has the energy of: 6) which turns into
when J 3 is included. If J 3 = 0, the ground state changes directly from S = 1 to S = 3 at a (single) critical magnetic field (see also [20] ) equal to:
In the presence of J 3 0 we deal with two critical fields.
The field B c,1 at which the total spin changes from S = 1 to S = 2 is given by the condition E 1 = E 2,1 and can be calculated exactly by solving the appropriate 4th order equation (we do not include the formula for its length). However using the series expansion (Eq. A.2), we obtain the following formula:
3 2
It is noticeable that the field B c,1 is a quadratic function of J 3 for weak J 3 . The field B c,2 at which the total spin changes from S = 2 to S = 3 is given by the condition E 2,1 = E 3 and is expressed by the formula: Appendix B. Thermodynamics of the two-state system: entropy and specific heat
Suppose that the spectrum of the system in question can be limited to just two energy states -a ground state with energy equal to E 0 and the degeneracy of g 0 and the first excited state with the energy E 0 + ∆ 1 and degeneracy of g 1 . Then, using the standard thermodynamics with the statistical sum Z = g 0 + g 1 exp [∆ 1 / (k B T )] we can obtain the expression for the entropy of the system:
as well as for the specific heat:
The specific heat is known to exhibit a Schottky maximum [78] . The position of such maximum T * is given by the solution of the following transcendental equation:
On the other hand, the entropy slope (∂S /∂T ) exhibits a local maximum for the temperature T * * which can be calculated from the transcendental equation:
(B.4)
Note that both maxima do not coincide as the specific heat is defined as c = T (∂S /∂T ).
Both characteristic temperatures, T * and T * * depend on the relative degeneracy of the ground state and the first excited state. In the case of V6 molecular magnet at low magnetic fields we have a nondegenerate ground state (g 0 = 1) and two excited states (one with S = 1, S z = 0 and one with S = S z = 0) separated negligibly in energy from each other, so that we can approximately assume a twofold degeneracy of the first excited state, g 1 = 2. For such case we have k B T * /∆ 1 =0.376696 (see also Ref. [78] ) and k B T * * /∆ 1 =0.292396. For the magnetic fields B smaller than 3 |J 1 | / (4gµ B )=36.29 T, the energy gap between the ground state and the first excited state is equal to ∆ 1 = gµ B B if we assume J 3 = 0 (note that the correction to the energy of the state E 1 is quadratic in J 3 /J 1 1). As a consequence, the maximum of the entropy slope can be expected at the temperature T * * = 0.292396 (gµ B /k B ) B, proportional to the field B. The slope is then equal approximately to 0.39 K/T . Also the magnetic specific heat should exhibit a peak at T * * = 0.376696 (gµ B /k B ) B. Note that the case of Schottky maximum of the specific heat has been extensively discussed in Ref. [78] in the context of the consequences of the relative degeneracy of ground and first excited state.
